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Abstract 
Gilmer, R. and W. Heinzer, The family of residue fields of a zero-dimensional commutative 
ring, Journal of Pure and Applied Algebra 82 (1992) 131-153. 
Given a zero-dimensional commutative ring R, we investigate the structure of the family 9(R) 
of residue fields of R. We show that if a family 9 of fields contains a finite subset {F,, , F,,} 
such that every field in 9 contains an isomorphic copy of at least one of the F,, then there exists 
a zero-dimensional reduced ring R such that 3 = 9(R). If every residue field of R is a finite 
field, or is a finite-dimensional vector space over a fixed field K, we prove, conversely, that the 
family 9(R) has. to within isomorphism. finitely many minimal elements. 
1. Introduction 
All rings considered in this paper are assumed to be commutative and to 
contain a unity element. If R is a subring of a ring S, we assume that the unity of 
S is contained in R, and hence is the unity of R. If R is a ring and if {Ma}a,, is 
the family of maximal ideals of R, we denote by 9(R) the family {RIM,: a E A} 
of residue fields of R and by 9"(R) a set of isomorphism-class representatives of 
S(R). In connection with work on the class of hereditarily zero-dimensional rings 
in [S], we encountered the problem of determining what families of fields can be 
realized in the form S(R) for some zero-dimensional ring R. This paper is 
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devoted to an investigation of this question. Because of the breadth of the 
question, it was necessary that we sometimes place restrictions on the family of 
fields considered. Variants of the main problem of this paper have been consid- 
ered by Popescu and Vraciu [12] and by Pierce [ 1 I]. 
If a family 9 of fields is of the form 9(R) for some zero-dimensional ring R, 
then we say the family 9 is realizable. In general, if 9 and 9 are indexed families 
of fields, then by writing 9 = 9, we mean that there is a bijection between the 
indexing sets of 9 and Ce that is such that corresponding elements under the 
bijection are isomorphic as fields. We use the symbol U to denote disjoint union. 
Let 9 = {K,},.. be a family of fields. In Section 2 we prove some general 
results concerning realizability of 9. We observe in 2.5 that if R is any ring (not 
necessarily zero-dimensional), if Spec(R) = {P,},, ,. and if K, = S(RIP,), then 
the family { KA} hE, is realizable. Theorem 2.11 shows that if there exists a finite 
subset {a,,..., arrl} of A such that each K, contains an isomorphic copy of at 
least one KU,, then 9 is realizable. Proposition 2.12 is an elementary, but basic, 
result that shows that if 9 = U rt, .Fl is a partition by characteristic of 9 into 
nonempty subfamilies 9,, then each 9, is realizable if 9 is realizable; the converse 
holds if I is finite, but not in general. 
In Theorem 3.1 we prove that the converse of Theorem 2.11 holds in the case 
where each Kn is a finite-dimensional vector space over a fixed field K. We deduce 
(Corollary 3.2) that a family 9 of finite fields is realizable if and only if, to within 
isomorphism, 9 has only finitely many minimal elements. 
Without the hypothesis that each of the fields Ka is finite-dimensional over K, 
Theorem 3.1 fails. In fact, Example 3.6 exhibits a realizable family Y = { K,}F=,, of 
algebraic extensions of GF(p) such that K,, is the only infinite member of ,Y, 
while each K, is minimal in 9. If 9’“’ is a set of isomorphism-class representatives 
of the elements of 9, one question that arises in Section 3 (see 3.8) asks whether 
the families 9 and .9* are simultaneously realizable. If B satisfies the hypothesis 
of Theorem 3.1, then that result shows that .9 and 9” are simultaneously 
realizable; we know no example in which one of the families 9 or 9’” is 
realizable, but the other is not. 
Section 4 is concerned primarily with the problem of determining conditions 
under which the reverse implication in part (1) of Proposition 2.12 holds-that is, 
when 9 is realizable if each family 9, in its partition according to characteristic is 
realizable. The main result obtained in this direction is Theorem 4.14, which 
implies that if Q or Q(X,, . . . , X,,) (for some n) is in 9, then 9 is realizable if 
each 9, is realizable. The proof of Theorem 4.14 uses a gluing process for 
maximal ideals introduced by Doering and Lequain in [3]. 
Section 5 treats the case of the realizability question that was the basis of our 
initial interest in the topic-that is, the case of a family { Kcr} with each Kcv 
absolutely algebraic of nonzero characteristic. 
In Section 6 we raise and briefly discuss two questions concerning uniqueness of 
realizability of a family of fields. If 9 = 9(R) is a realizable family, then the 
bijection between 9 and Spec(R) determines a topology on 9. We observe that 
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for certain realizable families the topology defined in this way is unique, while for 
others it is not. We present in Example 6.4 an example due to Roger Wiegand 
that exhibits nonisomorphic zero-dimensional reduced rings R and S such that 
S(R) = 9 = 9(S) by means of an identification that determines the same topol- 
ogy on 9. 
Suppose R is a zero-dimensional reduced ring with prime spectrum {MU} u En. 
Because we frequently consider R as a subring of n,,(R/M,) via the diagonal 
imbedding, we review some of the terminology and basic results concerning the 
product T = n,(K,) of a family { Kn}rrEA of fields. We denote by e, the primitive 
idempotent with a-coordinate 1 and with each other coordinate 0. The direct sum 
ideal I of T is the ideal generated by { eCV},,,, ; it consists of all elements of T with 
only finitely many nonzero coordinates. If M is a maximal ideal of T, then either 
(I) 1 C M, or (2) eCY @M f or some (Y and M = (1 - e,)T; in case (1) we say that 
M is a free maximal ideal of T, whereas M is said to be a fixed maximal of T if (2) 
is satisfied. This terminology comes from the theory of rings of continuous 
functions, where the elements of T are considered as functions from A into 
U atA (Kci) and an ideal is fixed if its elements have a common zero [5, p. 541. 
We remark that there exist free maximal ideals of T if and only if the set A is 
infinite, cf. [5, (4.10)]. M oreover, each nonzero element of a free maximal ideal 
of T has infinitely many nonzero coordinates. It is well known that T = n,(Ka) is 
zero-dimensional and the association of Km with T/( 1 - en) defines an injection of 
the family {Kn}ntA into B(T). The existence of free maximal ideals, however, 
implies that this inclusion is strict if A is infinite. 
2. General results on realizability of a family of fields 
We begin by recording several elementary and basic facts concerning the 
realizability question. Recall that a family 9 of fields is realizable if 9 = S(R) for 
some zero-dimensional ring R. 
2.1. If R is a ring with nilradical N, then S(R) = 3(RIN). Therefore the 
realizability question for zero-dimensional reduced rings is equivalent to that for 
general zero-dimensional (commutative) rings. 
2.2. If F= {F,, . , F,,} is a finite family of fields and if R = F, @. . . @ F,, , then 
9 = S(R). Therefore any finite family of fields is realizable. More generally, if 
s,,..., 9,,, are families of fields that are realizable and if 5% is the disjoint union 
u:‘=, %, of the families 5,. then 9 is also realizable. In fact, if R, is a 
zero-dimensional ring such that 9, = S(R,) and if R = R, (33. . ’ CB R,, , then R is 
zero-dimensional and 9 = 9(R). 
2.3. In part (ii) of Remark 4.4 of [g] it is noted that if R is a zero-dimensional 
ring such that the set 
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%(R) = {char(R/M): M is a prime ideal of RI 
is an infinite set, then 0 E Y(R). To see this statement, observe that char(R) = 0 
since %(R) is infinite. Hence Z C R, and because the zero ideal of Z is contracted 
from R, it is contracted from a prime ideal M of R, whence char(R/M) = 0. 
2.4. In [9J, it is shown that if R is a subring of a zero-dimensional subring of a 
ring T, then there exists a unique minimal zero-dimensional subring of T 
containing R. If this minimal zero-dimensional extension of R in T is denoted R” 
and if for a prime ideal P of R we denote by 2(R/ P) the quotient field of RIP, 
then it is shown in Theorem 3.3 of [9] that 
4(R”) = {L?(R/P): P E Spec(R) is contracted from T} . 
2.5. In general, if R is any ring (not necessarily zero-dimensional), if Spec(R) = 
{P,)*, 11 and if K, = .g(R/P,), then { KASAt, is realizable. One way to verify this 
assertion is to first note that, as in 2.1, there is no loss of generality in assuming 
that R is reduced. Thus R can be considered as a subring of the product 
T = n,, ,(K,) of fields under the diagonal embedding. Then PA is the contraction 
to R of the maximal ideal (1 - e,)T of T consisting of tuples where the 
h-coordinate is zero. By 2.4, 9(R”) = {K,},, ,. Alternatively, to show for any 
commutative ring R that the indexed family {K,} = {d(R/P,): P, E Spec(R)} is 
realizable, one can use the universal regular ring /? associated to R [14, 151. There 
is a well-defined ring homomorphism 4 : R + k, and it is shown in [ 15, Theorem 
l] that: (i) l? is a zero-dimensional reduced ring, (ii) the map P- 4-‘(P) is a 
homeomorphism between Spec(k) and Spcc(R) topologized with the patch 
topology’, and $J induces an isomorphism between the quotient field of R/4 ‘(P) 
and the field k/P. Roger Wiegand has pointed out to us that this gives the 
formally stronger result that for any ring R and any patch in Spec(R), the 
corresponding family of fields is realizable. 
2.6. Taking R = Z in 2.5. it follows that the family of prime fields 9 = {GF( p): p 
is a prime} U {CD} IS realizable (cf. 14, 111). More generally, suppose 9’ is any 
subset of 3 that contains Q. Let R’ denote the localization of Z with respect to 
the multiplicative system generated by the prime integers p such that GF( p) E 
9 - 3’. Then 5’ = {9(R’/P): PE Spec(R’)}, so by 2.5, the family 9’ is 
realizable. 
Using 2.4 instead of 2.5, it follows that a family such as {K,} U (a}, where 
{K,} contains exactly two copies of each finite prime field, is realizable. To see 
this, let T = II,( let 7~ be the prime subring of T. I the direct sum ideal of T, 
’ To dctinc the /XIK/I topology on the set Spec(R), me takes as an open wbbase all compacl open 
sets of Spec(R) in the Zariski topology and their complements. A peach is then defined to hc a subset 
of Spec(R) that is closed in the patch topology. 
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and let R = n- + I. (Note that 7~ z Z and R/I z 27.) Then Spec(R) consists of the 
maximal ideals (1 - e,) R, where e, is the primitive idempotent with support {i}, 
together with I and the maximal ideals pr + I with p a prime integer. The ideals 
(1 - e,)R and I are clearly contracted from the zero-dimensional ring T. HOW- 
ever, the maximal ideals pr + I are not contracted from T since pT + I = T for 
each p. Hence if R” is the minimal zero-dimensional subring of T containing R, 
then 2.4 implies that .F(R”) = {R/(1 - e,)R} U {?2(R/Z)} = {K,} U {Q}. (For a 
more general statement. see Corollary 4.4.) 
Theorem 2.7. Suppose 9 = {K} 111 { KCv } is a family of fields such that, for each 
(Y E A, there exists a monomorphism +,, of K into KC?. Then 5 is realizable. 
Proof. We may assume that {KC”} is nonempty. We are not excluding the 
possibility that Kg KCY for certain LY, or that KC1 g K, for (Y # p. Let T = 
flCrt,l KC”, let I be the direct sum ideal in T, let L be the imbedding of K in T via 
the monomorphism n(4,,), and let R = L + I. Since T is reduced, the subring R 
of T is reduced. For (Y E A, let ecf be the primitive idempotent associated with (Y. 
Then 1 - ecY generates a maximal ideal MC, of R and R/MCv z K,“; also. I is a 
maximal ideal of R and R/t s K. We observe that Spcc(R) = {I} U {M,,},,,, . To 
prove this, take P E Spec(R). If I c P, then I= P; if I is not contained in P, then 
e, $ P for some a, and hence 1 - ecti E l? Consequently. MCY & P and P = MC?. 
Thus Spec(R) = (0 U CM,,$,,Ei,. Since there are no inclusion relations among 
these prime ideals, we conclude that R is zero-dimensional and .9(R) = {K} U 
{KCX}rrEr\. 0 
Remark 2.8. The zero-dimensional reduced ring R constructed in the proof of 
Theorem 2.7 has at most one prime that is not finitely generated. We have 
s(R) = {K) CJ CKmScti, with Spec(R) = {P} U { Pcr}crtA . 
where RIP s K and RIPCv g Ka for each LY. The proof of Theorem 2.7 shows that 
P,, = (1 - e<?)R f or each Q, while the ideal P is finitely generated if and only if A 
is finite. We remark that in general if R is a zero-dimensional reduced ring and 
P E Spec(R) is a finitely generated prime ideal, then RIP is isomorphic to a direct 
summand of R. Therefore the family 9(R) - {R/P} is realizable. 
Example 2.9. There exist nonisomorphic zero-dimensional reduced rings R and S 
such that 5(R) = 9(S). For example, if R is as in Theorem 2.7 with 9(R) 
consisting of countably infinitely many copies of the Galois held GF(2) with two 
elements, and if S = R@ R, then each 9(R) and .9(S) consists of countably 
infinitely many copies of GF(2). but R F S because 5’ has two maximal ideals that 
are not finitely generated, while R has only one such maximal ideal. 
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Remark 2.10. The rings R and S of Example 2.9 are such that Spec(R) and 
Spec(S) are not homeomorphic as topological spaces with the Zariski topology 
because Spec(R) has a unique nonisolated point, while Spec(S) has two such 
points. In Section 6 we consider briefly two additional questions concerning 
uniqueness of realizability of a family 9 of fields. 
Theorem 2.11. Suppose 9 = { KCj}atA is a family of fields. If there exists a finite 
subset {(Y,, . , a,,,} of A such that each KCV E 9contains an isomorphic copy of at 
least one of the fields K_, then the family 5 is realizable. 
Proof. We may assume that B is nonempty and that m is minimal with the stated 
property. Partition A into subsets A,, . , A ,,,, where (Y E A, if i is the smallest 
positive integer such that K,, contains an isomorphic copy of K,. Minimality of m 
implies that each A, is nonempty. By Theorem 2.7, there exists a zero-dimension- 
al reduced ring Rj such that S(R,) = { KCX: (Y E A,}. By 2.2, it follows that if 
R= R,@.- . @ R,,, , then 9(R) = 9. 0 
Proposition 2.12. Let 9 be a family of fields, and partition 4 into nonempty 
subsets 9,) i E I, where 9, consists of all elements of 9 of characteristic ci (where c, 
is 0 or a prime integer). 
(1) If 9 is realizable, then each 9, is realizable. 
(2) If each 9, is realizable and if I is finite, then 9 is realizable. 
(3) If each 9, is realizable and I is infinite, then a necessary condition in order 
that 9 be realizable is that 9 contains a field of characteristic zero. Thus, even if 
each 9, is realizable, 4 need not be realizable. 
Proof. (1) Suppose 9 = 9(R), where R is zero-dimensional and reduced. If 
c, # 0, then 9, = S(R/c,R) and if c, = 0, 3, = F(R,), where S is the multiplicative 
system consisting of all nonzero integers; in either case, the rings R/c,R and R,s 
are zero-dimensional. 
(2) This follows from 2.2. 
(3) The first statement in (3) follows from 2.3. If {p,}F=, is the set of positive 
prime integers, then {GF( p,)} 1s realizable for each i, but as we have just 
observed, {GF( p,)}F=, is not realizable. 0 
In Section 4 we consider the problem of giving conditions under which 9 is 
realizable if each 9, is realizable. A principal result in this direction is Theorem 
4.14, which shows that if each 3, is realizable, if co = 0, and if Q is in s,,, then 9 
is realizable. 
3. Families of finite algebraic extensions of a given field 
Suppose 9 = {KulatA is a family of fields. Theorem 2.11 gives a sufficient 
condition for .% to be realizable. This sufficient condition is not necessary in 
general, but in Theorem 3.1 we show that if each K, is a finite-dimensional 
algebra over a fixed field K, then the condition of Theorem 3.1 is also necessary 
for realizability of 9. A counterexample to genera1 necessity of the condition of 
Theorem 3.1 is given in Example 3.6. 
Theorem 3.1. Suppose K is a field and R is a K-algebra such that RIM is a 
finite-dimensional K-algebra for each M E Spec(R). There exists a finite subset 
{Mi):=, ofSpec(R) such that, for each M E Spec(R), there exists i between 1 and n 
such that RIM, is a K-subalgebra of RIM. 
Proof. By passage from R to R/N, where N is the nilradical of R, we assume 
without loss of generality that R is reduced. Since R/M is integral over K for each 
M E Spec(R), it follows that R is integral over K [6, p. 2271. For M E Spec(R), 
choose a set Y(M) = {O,}:l, of representatives of the residue classes of M in R so 
that (0, + M}::, is a basis for RIM as a vector space over K. Then RIM and 
K[Y(WII(M ” K[Y(WI) are isomorphic as K-algebras and M n K[ Y(M)] is 
principal, generated by an idempotent eM. Consider 9(1 - eM) = {P E 
Spec(R): e,,,, E P}; 9( 1 - eM) is an open subset of Spec(R) containing M. More- 
over, K[ Y(M)] n P = K[ Y(M)] fl M = e,K[( Y(M)] for each P E 9(1 - e,,,,). 
Since Spec(R) is compact, we can choose M,, . . , M,, in Spec(R) such that 
{WI - e,,)>ll, is an open cover of Spec(R) [l, Exercise 17, p. 121. If ME 
Spec(R), then for some i between 1 and n, M E 9( 1 - eM ). Then R/M contains 
K[Y(M,)lI(K[Y(M,)l ” W = K[Y(M,)I/(K[Y(M,)I ” M,) = RIM, 
as a K-algebra. This completes the proof. 0 
If, in the notation of the proof of Theorem 3.1, we let R,, = K[Y(M,), 
. . . , Y(M,,)] be the compositum of the rings R[Y(M,)], . . , R[ Y(M,,)], 
then R,, is a finite-dimensional algebra over K, and we have the following 
alternate formulation of Theorem 3.1. 
Theorem 3.IA. If K is a field and R is a reduced K-algebra such that RIM is a 
finite-dimensional K-algebra for each M E Spec(R), then there exists a finitely 
generated K-subalgebra R,, of R and a finite subset {M,} I’=, of Spec(R) such that, 
for each M E Spec(R), there exists i between 1 and n such that R,,I(M 13 R,,), 
R,I(M, f? R,,) and RIM, are isomorphic as K-subalgebras of RIM. 
Theorem 3.1 provides a partial converse of Theorem 2.11. It also implies the 
following corollary. 
Corollary 3.2. {K,},,_ be a family of (not necessarily fields. 
Then {KO)Ctrtn is realizable {a,}:_, of A 
such that each KCY contains, up to isomorphism, 
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Proof. Theorem 2.11 shows that the stated condition is sufficient. Conversely, if 
{KU} is realizable, then since each Km is finite, part (3) of Proposition 2.12 
implies that a partition of .!+ according to characteristic yields only finitely many 
equivalence classes 9[. Moreover, each si is realizable. To show the stated 
condition is necessary, it suffices to show that each 9, satisfies the stated 
condition. Thus, let R be a zero-dimensional reduced ring such that 9(R) = 9;. 
The prime subring K of R is a field isomorphic to the common subfield of the 
elements of $[, and hence Theorem 3.1 implies that 9; has, up to isomorphism, 
only finitely many minimal elements. 0 
In Example 3.6 we show that the conclusion of Theorem 3.1 may fail if at least 
one of the residue fields R/M is not finite-dimensional over K. (In Example 3.6, 
R/M is not finite-dimensional over K for a unique maximal ideal M of R, and this 
RIM is algebraic over K.) 
The statement of the next result, Theorem 3.3, uses the following notation. If 
011 = {F;: j E J} is a family of (not necessarily distinct) subfields of a field L, 
C(% ) is defined as the set of all elements x E L such that the set { j E J: x FF,} is 
finite. It is easy to check that C(%) is a subfield of L; if 011 = {F,}:=, , where 
F,<F,<..., then C(q)= U:=, F,. 
Theorem 3.3. Suppose K, is a subfield of the field L for each j in the index set J, 
and let F, be a subfield of K, for each j in J. Let I be the direct sum ideal of 
T = fl,,, K, and let R be the subring of T consisting of all tuples (a,> iEJ in n,,, F, 
such that, for some j,, E J, {j E J: a, # a,,,} is finite (that is, all but finitely many of 
the coordinates of (a,> have the same value). If S = R + I, then S is zero- 
dimensional, reduced, and 9(S) = {K,) II! {C(q)}, where 021 = {F,}. 
Proof. It is clear is 
. . . (1 - e,,,) for some j, , . . . , j,, E J, and hence y E P and 
I C P. To complete the proof, it therefore suffices to show that I is maximal in S 
and S/I 2: C(a). Thus, if s = r + x E S, where r E R and xE I, then all but 
finitely many of the coordinates of s have the same value us; u, is the value of all 
but finitely many of the coordinates of r (that is, u,~ = u,), and hence u,, E C(Q). 
It is then straightforward to show that the map s-+ u,\ is a homomorphism from S 
onto C(Q) with kernel I, and this completes the proof. 0 
Theorem 3.3 provides a new method for proving realizability of a family 
3 = {K)uL4 of subfields of a field L. For short we will say that 3 is *-realizable 
if there exists (Y E A and a subfield F. of K. for each /3 E A, /3 # a, such that 
K, = C( { F,}). Theorem 3.4 gives equivalent conditions for 9 to be * -realizable. 
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Theorem 3.4. Suppose $9 = {K, }aEA is a family of subfields of the field L, where 
A is injkite. Then 3 is * -realizable if and only if C(3) contains an element of 3. 
Proof. Suppose first that C(‘9) contains K, , where (Y E A. For p E A, /3 # (Y, let 
FP = KP fl K, If 9 = { FP} then C(9) c K, since each Fp is contained in K,. 
Moreover, if xE K, C C(9), then {p: xjZFP} = {p: xj$KK,} is a finite set, so 
x E C(9) and equality holds: K, = C(9). Consequently, % is *-realizable. 
Conversely, if (Y E A is such that K, = C( { Fp}), where FP is a subfield of KP 
for each p E A\{(Y), then K, c C(3) since it is clear that C({F,}) c C(3). 0 
Corollary 3.5. Zf 3 = {Ka}aEA is a family of subfields of the field L and if 
C(3) E 3, then 3 is * -realizable. 0 
A family may be realizable, but not *-realizable. For example, the family 
9 = {GF(p2j};=, U {GF(p3’)};=, 
is realizable by Theorem 2.11, but C(g) = GF( p), so 93 is not * -realizable by 
Theorem 3.4. 
Identifying via isomorphism, we see that Theorem 3.4 can be extended to any 
family 9 = {F,} such that each F, is imbeddable in a fixed field L. If 9 has this 
property, then each F, in 9 has the same characteristic. The converse also holds: 
if each F, has the same prime subfield r, then each F, is imbeddable in the 
algebraic closure of a pure transcendental extension of r of appropriately large 
transcendence degree over 7~. Hence Theorem 3.4 extends to a family of fields, all 
of the same characteristic. 
Example 3.6. There exists a zero-dimensional ring R such that 9(R) = { K,}T=“, 
where the Kj are pairwise incomparable fields all of the same characteristic, all 
algebraic over a finite field, and all but one of which are finite fields. We use the 
following notation: d is a positive integer, p is prime, L is an algebraic closure of 
WP), {q,>:=, 1s a sequence of odd primes, K, = GF( pd21yz) for each i E E+, and 
F, is the subfield GF(pd2’) of K,. Theorem 3.3 shows that the family 9 = 
{K;}:=, U <<u:=, F;) = K,} 1s realizable. Each field in this family is algebraic 
over GF( p), each K, except K,, is finite-dimensional over GF( p), and no field in 
9 is imbeddable in a member of 9 distinct from itself. 
3.7. We remark that an example similar to Example 3.6 can be obtained in 
characteristic 0 by taking L to be an appropriate subfield of an abelian closure A 
of Q. If q is any prime, it is known ([13], Sections 7.3 and 13.11 and [7, Example 
2.71) that there exists an ascending sequence K, < K2 <. . . of subfields of A so 
that Ki is cyclic over Q of degree qi for each i. If L, is the union of this chain of 
fields K,, then the only proper extensions of Q in L, are the fields K, and the field 
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L, itself [13, Proposition 13.11. If L is the compositum of the family {L,: q is 
prime}, then the structure of the set of intermediate fields between Q and L is 
entirely analogous to that of the fields between the field GF( p) and its algebraic 
closure; here the fields L, correspond to the fields GF( py ) in characteristic p. 
One difference in the analogy is that the field L is real, and hence is a proper 
subfield of A (see, for example, [7, p. 871). 
3.8. Suppose 9 is a family of fields and B* is a family of representatives of the 
isomorphism classes of 9. It is natural to ask about the relation between 
realizability of 9 and realizability of 9”. We know no example where one of 
these families is realizable and the other is not. Theorem 3.1 implies that if there 
exists a field K such that each member of 9 is a finite-dimensional K-algebra, 
then 9 and 9* are simultaneously realizable. In particular, Corollary 3.2 shows 
that if each member of 9 is finite-dimensional over a fixed prime field, then 9 and 
9* are simultaneously realizable. 
4. Realizability of a family partitioned according to characteristic 
Let .Y be a family of fields and let 9 = .Y,, U 9, U . . . be a partition of .Y 
according to characteristic, as in Proposition 2.12. In considering realizability of 
9, part (1) of Proposition 2.12 leads naturally to consideration of realizability of 
Ti, and several results in Section 3 concern this case. On the other hand, part (3) 
of Proposition 2.12 shows that .Y need not be realizable if each 9, is realizable. 
Several results of this section (for example, Theorems 4.8, 4.14 and 4.15) give 
sufficient conditions for 5 to be realizable if each 9, is realizable. In particular, if 
Tto is the collection of elements of 5 of characteristic 0, then Theorem 4.14 shows 
that F is realizable if each Ti is realizable and Q or Q(X,, . , X,,), for some ~1, 
is in Y,,. 
We begin with a preliminary result that will be used throughout this section. 
Lemma 4.1. Suppose R is a subring of the ring T, e is an idempotent of T, and 
Te C R. If P is a prime ideal of R containing 1 ~ e, then P’ = Pe CB T(l - e) is 
prime in T and is the unique prime of T lying over P in R. Moreover, RIP = 
TIP* = TelPe. 
Proof. We have R=Re@R(l-e) and T=Te@T(l-e). Since l-eEP, P= 
(PnRe)CBR(l-e)=Pe@R(l-e), where Pe is prime in Re. Since Te & R, we 
have Te . e c Re-that is, Te c Re and hence Te = Re. Consequently, P* = 
Pe Cf3 T(l - e) is prime in Te 43 T(l - e) = T. Clearly P* n R = Pe + R(l - e) = P. 
IfQisanyprimeofTlyingoverPinR,thenl-eEQsoQ=Qe~T(l-e), 
where Qe is prime in Te and Qe n Re = Pe. On the other hand, since Re = Te, 
Qe n Re = Qe fl Te = Qe. Therefore Pe = Qe and Q = Pe + T(l - e) = P”. It is 
clear that TIP” 2: TelPe = RelPe = RIP. 0 
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Proposition 4.2. Let { T,},EA be a family of zero-dimensional reduced rings, let 
T = n, T,, let I be the direct sum ideal of T, and let S be a zero-dimensional 
subring of TII. If R is the inverse image of S under the canonical homomorphism 
f rom T onto TII, then R is zero-dimensional and reduced and 9(R) = 
[u 9(Tu)] U F(S). 
Proof. Since T is reduced, R is reduced. To see that R is zero-dimensional, 
choose P E Spec(R). If I C P, then PII is prime, hence maximal, in S so P is 
maximal in R. If I,@P, then 1 - e, E P for some (Y. Since Te, CR, Lemma 4.1 
shows that RIP is isomorphic to a residue class ring of Re, = RU. Hence RIP is a 
field, P is maximal in R, and R is zero-dimensional. 
Since I c R, it follows from Lemma 4.1 that u B(T,) is the family of residue 
fields of maximal ideals of R that do not contain I. Moreover, since R/I = S, 9(S) 
is the family of residue fields of maximal ideals of R that contain I. This completes 
the proof. 0 
Corollary 4.3. Suppose { Ka} is a family of fields, T = n, K, , I is the direct sum 
ideal of T, and the field L is a subfield of TII. Then {K,} U {L} is realizable. 0 
Corollary 4.4. Suppose F = {KU } uEA is a family offields, where A is infinite and, 
for each prime p, the set {(Y E A: char(K‘?) = p} is finite. Then the family Y U {Q} 
is realizable. 
Proof. Let I be the direct sum ideal of T = n, K,. In view of Corollary 4.3, it 
suffices to show that Q is imbedded in T/I. The hypotheses on A imply that Z is 
the prime subring of T, and if n is a nonzero element of Z, only finite many 
coordinates of n are zero in T. Hence n + I is a unit of T/Z and Q is imbedded in 
TII as desired. 0 
We remark that Corollary 4.12 generalizes Corollary 4.4 to the case where 9 is 
a union of certain realizable subfamilies .Yi. This generalization is obtained by 
showing that under appropriate hypotheses, the rational function field 
Q(X,,..., X,,) in n variables over Q is imbeddable in T/Z. 
4.5. In connection with the proof of Theorem 4.8, we observe that if A4 is a 
maximal ideal of a zero-dimensional reduced ring R and if M contains an element 
m that belongs to only finitely many maximal ideals of R, then M is finitely 
generated, hence principal and generated by an idempotent. In particular, if only 
finitely many maximals P, , . . . , P,, of R are such that their associated residue field 
has a fixed nonzero characteristic p, then each Pi is principal. 
Proposition 4.6 is another basic result concerning zero-dimensional reduced 
rings. 
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Proposition 4.6. Suppose R is a zero-dimensional reduced ring with only finitely 
many maximal ideals M, , M,, . . . , M, that are not finitely generated. If m E 
n f;-, M,, then m belongs to all but finitely many of the maximal ideals of R. 
Proof. Let e be the idempotent generator of mR and consider the decomposition 
R = Re Cl3 R( 1 - e) of R. The maximal ideals of R that do not contain m are in 
one-to-one correspondence with the maximal ideals of the ring Re, and since each 
nonfinitely generated maximal of R contains m, each maximal ideal of Re is 
finitely generated. Because Re is zero-dimensional, it follows that Re has only 
finitely many maximal ideals. Therefore only finitely many maximals of R fail to 
contain m. 0 
Suppose .Y = { Ka}uEA is a family of fields of nonzero characteristic such that A 
is infinite and, for each prime p, the set {(Y E A: char(Ka) = p} is finite. If { Fi}:=, 
is a finite family of finite-dimensional extensions of Q, Theorem 4.8 gives 
equivalent conditions for the family .Y U {F;}:=, to be realizable. The next result, 
Proposition 4.7, is a weakened form of Theorem 4.8 that will be used in the proof 
of that result. 
Proposition 4.7. Let Y = { KU}aEA be as in the preceding paragraph and let 
K = Cl!(e) be a finite-dimensional extension of 62, where 8 satisfies the irreducible 
manic polynomial f(X) over Z. Let B = {a E A: f(X) has a root in K,}. If the set 
A - B is finite, then 9 U {K} is realizable. 
Proof. Let T = n, KU and let I be the direct sum ideal of T. The proof of 
Corollary 4.4 shows that Q is imbedded in T/I. We let R be the inverse image of 
Q under the canonical map from T onto T/I; thus R is zero-dimensional reduced 
and 9(R) = 9 U {Cl?} (Proposition 4.2). For each p E B, let y, be a root of f(X) 
in K, and let y = {yu}atA, where y, = 0 for each (Y E A - B. The element y is 
integral over R since yf( y) = 0, so R[ y] = S is zero-dimensional and reduced. We 
claim that 9(S) = .Y U {K}. Because I C S, Lemma 4.1 shows that 9is the family 
of residue fields of maximal ideals of S that fail to contain I. On the other hand, 
S/I= R[y]iI=(R/I)[y+I], where R/I = Cj and y + I satisfies the irreducible 
polynomial f(X) E (R/I)[X]. It follows that S/I = Q[X] /( f(X)) = K. Therefore I 
is maximal in S and 9(S) = 5 U {K}. 0 
Theorem 4.8. Suppose { Fi} :=, is a finite collection of finite-dimensional extensions 
of 6J, say F, = Q(e,), where 0, satisfies an irreducible manic polynomial f(X) E 
Z[X]. Let f = f, f, ... f,, and let 9= {KCr}atA be a family of fields, each of 
nonzero characteristic, such that A is infinite and, for each prime p, {CY E 
A: char(K=) = p} is finite. Then Y U {F,}y=, is realizable if and only if the set 
B = {(Y E A: f(X) has no root in K,} is finite. 
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Proof. Suppose first that 5 U {F,}:‘=, is realizable, say 5 U { Fi}y = S(R), where 
R is zero-dimensional and reduced. Let Spec(R) = { Ma}a,_A U {Pi};, where 
RIMU = K, and RIP, = F,. The hypothesis on A implies that each Ma is principal, 
and Proposition 4.6 shows that each element of n:‘,, P, belongs to all but finitely 
many of the ideals MU. Choose r, E R so that Y, + P, satisfies f.(X)-that is, 
f.(r;) E P,. If r E R is chosen so that r = r, (mod P,) for 15 i 5 II, then f,(r) E P, 
for each i and f(r) = f,(r) . . . f,(r) E n; P,. Therefore f(r) E MU for all but finitely 
many elements u E A, which means that r + Ma is a root of f(X) in R/MU 2: K,. 
We conclude that the set B is finite, as asserted. 
Conversely, suppose the set B is finite. Then {K,: as E B} is realizable by 2.2, 
and hence to show that {Ka}atA U {F;};, is realizable, it suffices to show that 
{K,: (YE A-B} U {F,} 7 is realizable. Without loss of generality we therefore 
assume that B is empty, and hence that for each (Y E A, at least one of the 
polynomials f, , f2, , f, has a root in K, . We partition the set A into subsets 
A,,...,A.asfollows:A,={aEA:f,hasarootinKa}.If1<i~nandifsets 
A,, AZ,. . . , A,-, have been defined, we let A, = {a E A - ( U:l\Aj): i has a 
root in KU}. Let “II, = {K a: a E A,} U {F,}. Then 5 U {F,}: is the disjoint union 
of the sets Ou;, and we claim that each %, is realizable; if A, is finite, realizability 
of 021; is clear, and if Ai is infinite, olli is realizable by Proposition 4.7. Therefore 
Y U {Fi}‘f = u %, is realizable by 2.2. This completes the proof of Theorem 
4.8. 0 
Let 9 = { Kn}atA be as in the statement of Theorem 4.8 and let {L;}y=, be any 
finite collection of fields of characteristic 0. If the family 9 U {L,} y=, is realizable, 
the proof of Theorem 4.8 shows that for any polynomial g(X) over Z with a root 
in each L,, the set {a E A: g(X) has no root in KU} is finite. This observation 
implies, for example, that if L is an algebraic extension of Q such that the family 
{GF(p): P is P rime} U {L} is realizable, then L = Q; this is true because each 
irreducible polynomial over Z of degree greater than 1 fails to have a root modulo 
p for infinitely many primes p [lo, Corollary 16.6.2, p. 15312. 
In contrast with the situation concerning realizability of, for example, 
{GF( p): p is prime} U {L} 
in the case where L is algebraic over Q, we proceed to show in Corollary 4.12 that 
families such as 9 U { Q(X,, . . . , X,)}, with 9 as in the statement of Theorem 
4.8, are realizable. 
Lemma 4.9. Let n be a positive integer. For a prime integer p and for any n-tuple 
fl=(a,,. . ,a,,)EZ”, denote by M( p, a) the maximal ideal (p, X, - a,, . . . , 
X, -a,,) ofz[X,, . . . , &,I. 
’ We are grateful to Dennis Estes for informing us of this result from [lo] 
144 R. Gilrner. W. Heinzer 
(1) IffEax,, . . ., X,,], f # 0, then there exist only finitely many primes p 
such that f E M( p, u) for each IT E Z”. 
(2) If H is an infinite set of prime integers, there exist q,, q2, . . . E H and 
o1, o2,. . EZ such that ny=, M(q,, a,) = (0). 
Proof. (1) If cr=(a ,,..., a,),thenfEM(p,a)ifandonlyiff(a ,,..., a,)is 
divisible by p. Thus, choose p = (6,) . . , ~,,)EZ” such that f(b,, . . . , b,)#O. 
Only finitely many primes p,, . . . , p, of Z divide f(b,, . . , b,,), and hence 
f $ M( p, u) for each prime p distinct from each p,. 
(2) Let {A.}:= 1 be the sequence of nonzero elements of Z[X, , . . , X,,]. Part 
(1) shows that there exists q, E H and U, E Z” such that f, eM( q, , a,). Suppose 
n-tuples u,, . . , uk and distinct primes q,, . . , qk E H have been chosen so that 
fi@MM(qi> c;) f or each i. It follows from (1) that there exists qk+, in H and 
Us+, E ;2” such that qk+, is distinct from each q,, 15 i I k, and fk+, J& 
Wax+,, c k+,). By induction it follows that qi and a, exist for all i, and since each 
nonzero element of Z[X,, . , X,,] is an f,, n:=, M( q,, o,) = (0). 0 
4.10. Suppose {Zu: cy E A} is a family of nonzero ideals of an integral domain D. 
If nZ, = (0) and if d is a nonzero element of D, the set {(Y E A: d FI,} must be 
infinite, for if it were finite and consisted of elements (Y,, . . . , a,, E A, then for 
any nonzero elements x, E I,,, dx,xz . . . x,, would be a nonzero element of n I,, 
contradicting the hypothesis. We use this observation in the proof of Theorem 
4.11. 
Theorem 4.11. Let H = { qi}rE, be an infinite each i, 
let Ti be a zero-dimensional reduced ring nF=, T, , I 
the ideal of T, and if n is a positive integer, then Q!(X,, . . . , is 
isomorphic TII. 
Proof. We denote by rr the prime subring of T; since H is infinite, v = Z. Part (2) 
of Lemma 4.9 shows that there exists a subsequence {q,,};=, of { q,}y=, and 
I 
elements v,,,, . . . , a, , . . . in Z” so that rI,=,M( q ,,, a,,) = (0). We construct n 
elements t,, tZ, . . , ;,, of T as follows: the i,-entry of t, is the k-coordinate of a,, 
for liken, and if iEZ+ - {ij}~=, , the i-coordinate of t, is 0. Consider 
gE r]X,, . ‘. , X,,], g # 0. The i-coordinate of g(t,, . . , t,,> is dt,,, . . ’ 7 tn;), 
where t,, is the i-coordinate of t,. Since g # 0, it follows from Lemma 4.9 that 
there exist infinitely many integers j such that g @ M( q,, , a,,), which means that q,, 
does not divide g(a,,), the ii-coordinate of g(t,, . . , t,,). Because the ring T,, has 
characteristic q, , the ii-coordinate of g(t,, . . . , t,,) is nonzero, and hence 
s(t, 9 . . . > t,)pLZ: It follows that if S = n-[t,, . . , t,,] + I, then I is prime in S and 
S/Z- Z[X,, . . , X,,]. Let S” be the minimal zero-dimensional subring of T 
containing S. Since I is contracted from T, it follows from 2.4 that 
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0(X,, . . , X,,) = g(SII) is a residue field of S”. Thus Q(X,, . . , X,,) is iso- 
morphic to a subring of T/Z, as asserted. 0 
Corollary 4.12. Let H = { q;}r=, be an infinite family of distinct primes and for 
each i let 3, be a realizable family of fields of characteristic q,. Then (U Fj) U {Cl} 
and (uT1)U {Q(X,, . . . , X,)} are realizable for any n E Z+. 
Proof. If T, is a zero-dimensional reduced ring that realizes Fi, then Ti has 
characteristic q,. Hence if T = nj( T,) and if I is the direct sum ideal of T, 
Theorem 4.11 shows that, to within isomorphism, Q and Q(X,, . . . , X,) are 
subrings of T/Z. The conclusions of Corollary 4.12 then follow from Proposition 
4.2. 0 
Doering and Lequain in [3] introduced what they call “a gluing process for 
maximal ideals”. In combination with Corollary 4.12, their process has relevance 
for the realizability question. We proceed to recall a special case of Theorem A of 
[3]. Suppose S is a zero-dimensional ring with maximal ideals M and P such that 
S/M = SIP = K. Let I_L and p be homomorphisms from S onto K with kernels M 
and P, respectively, and let {Mn}aEA be the set of maximal ideals of S that are 
distinct from M and P. If R is the subring of S consisting of all elements s E S such 
that p(s) = p(s), then S is integral over R, M and P have the same contraction 
(namely M fl P) to R, while M, is the unique maximal ideal of S lying over 
Me f’ R in R for each (Y E A. Moreover, R/(M fl P)= K and S/M, = 
R/(M, n R) for each CY. In terms of residue fields, the difference between 9(S) 
and B(R) is that the two copies of K that arise in B(S) from M and P have been 
reduced to one in 9(R); in (31, the maximal ideals M and P are said to be glued 
over M fl P in R. Of course, if K occurs n times as a residue field of S, then 
repetition of the process described above can be used to reduce the number of 
occurrences of K as a residue field by n - 1. Two applications of the gluing 
process are contained in Proposition 4.13 and Theorem 4.14. 
Proposition 4.13. Suppose 9 and 9 are realizable families of fields and that there 
exist F,, . . . , F,,E%and K1,..., K, E 3 such that F, 2: Ki for each i. Then the 
family { 9 - {F,} y=, } U 92 is realizable. 
Proof. 2.2 shows that 9 U 59 is realizable, and by use of the gluing process we can 
reduce by one each of the occurrences F,, K, of F, in 9 U 59 in a zero-dimensional 
ring. 0 
Theorem 4.14. Let H be a set of distinct primes, and for each p E H, let 5p be a 
realizable family of fields of characteristic p. Let .Y(,, be a realizable family of jields 
of characteristic 0, If Q or Q(X,, . . . , X,,), for some n, is in Y(,, then 5,, U 
{ FFj: p E H} is realizable. 
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Proof. We give the proof for Q; the proof for Q(X,, . . . , X,) is similar. Thus, 
Corollary 4.12 shows that <U,,,~p) U {Q} 1s realizable, and Proposition 4.13 
then implies that (U ,,,Tp) U 9,) is also realizable. 0 
Pierce in [ll] has introduced the notion of a minimal regular ring. An 
equivalent form of the definition (see [ll, Proposition 2.21) states that a ring R is 
minimal regular if and only if R is zero-dimensional, reduced, and RIM is a prime 
field for each M E Spec(R). Theorem 4.15 allows us to settle completely the 
realizability question for minimal regular rings-that is, for a family consisting of 
prime fields. 
Theorem 4.15. Let 9 = {K,},_, be a family of prime fields and let 5* be a set of 
isomorphism-class representatives of the elements of 9. Then 9 is realizable if and 
only if either 9* is finite, or else YI* is infinite and Q E 3*. 
Proof. If T* = {F,}~=, is finite with n distinct elements, then partition Y into 
isomorphism classes Y,, . . . , F,,, , where each member of 5, is isomorphic to F,. 
Theorem 2.7 implies that each YZ is realizable, and hence 5 is realizable by 2.2. If 
F* is infinite and contains Q, we again partition Y into isomorphism classes 
&, 9, ) . . . . ) where YO= {K,: (YEA and K, =Q}. As before, each TZ is 
realizable, and Theorem 4.14 shows that 9 = U 5, is also realizable. 
To prove the converse we need only show that if .Y* is infinite and Q@Y*, 
then 5 is not realizable: this assertion is immediate from 2.3. 0 
Suppose % is a family of fields and Y* is a set of isomorphism-class representa- 
tives of the elements of 9. In 3.8 we asked whether the families 3 and %* are 
simultaneously realizable. In the case of a family of prime fields, Theorem 4.15 
implies that this question has an affirmative answer. We state this result formally 
as Corollary 4.16. 
Corollary 4.16. If 9 is a family of prime fields and if .Y* is a set of isomorphism- 
class representatives of the elements of 5, then 5 and Y* are simultaneously 
realizable. 0 
4.17. Example 2.9 presents nonisomorphic zero-dimensional reduced rings R and 
S with 5(R) = 9(S). The ring S contains two maximal ideals M and P that are 
not finitely generated, and S/M = S/P= GF(2). We remark that if S,, is the 
subring of S obtained by gluing M and P over M n P, then R and S,, are 
isomorphic. One could ask whether this example generalizes, in the sense that if 
5 and 011 are zero-dimensional reduced rings with s(T) = 9(U), there exist 
isomorphic subrings T,, and U,, obtained from T and lJ by appropriate finite 
gluings. This question has a negative answer, as can be seen by the following 
example. Let p and 9 be prime, let 9 = {GF(p)} U {GF(p”): i > l}, and let 
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% = {GF( p”‘): i I l}. Let T* and U* be zero-dimensional reduced rings ob- 
tained as in Theorem 2.7 so that 9(T*) = Y and S(U*) = 011. If T = 
T*@GF(pq) and U=U*@GF(p), then 9(T)=8(U)={GF(p4’):i~0}, so 
no gluing of maximal ideals is possible on either T or U. However, T and U are 
not isomorphic because, for example, the unique maximal ideal of U with residue 
field GF( p) is finitely generated, but the maximal ideal of T with the same residue 
field is not finitely generated. 
5. Realizable families {K,} with K, absolutely algebraic of nonzero 
characteristic 
We have already noted that in investigating realizability of a family {K,}, an 
important special case is that in which all of the KU have the same characteristic c. 
In this section we consider the case where c > 0 and each KU is absolutely 
algebraic (that is, is algebraic over its prime subfield). This is the case that 
sparked our initial interest in the topic of realizable families of fields, for if R is a 
zero-dimensional ring with .9(R) = {Km} as described, then the prime subring rr 
of R is isomorphic to GF(c), R is integral over n, and hence R is hereditarily 
zero-dimensional [8]. In the case at hand we may assume that each KU is a 
subfield of an algebraic closure of GF(c); if R is diagonally imbedded in 
T = n, K,, then R is contained in the integral closure of GF(c). Corollary 5.2 
provides a description of the integral closure of GF(c) in T. 
Proposition 5.1. Suppose { K,}UEA is a family of subfields of a field L. Let K be a 
subfield of n Ka, and also denote by K the diagonal imbedding of K in 
T = n, K,. An element b = {b,} of T is integral over K if and only if each b, is 
algebraic over K and b has only finitely many distinct coordinates. 
Proof. If b is integral over K and if f(X) 1s a manic polynomial over K having b as 
a root, then 0 = f(b) = {f(b,)}, so f(b,) = 0 for each (Y. Hence each b, is 
algebraic over K, and since f(X) has only finitely many roots in L, b has only 
finitely many distinct coordinates. 
If, conversely, each ba is algebraic over K and if {b,, , b,,, . . , bU,} is the set 
of distinct coordinates of b, then b satisfies the manic polynomial f = f, f2 . . . f, E 
K[X], where f, is the minimal polynomial for b, over K. In particular, b is 
integral over K. 0 
In Proposition 5.1, suppose K, = L for each (Y and denote by L the diagonal 
imbedding of L in T. In this case Proposition 5.1 shows that the integral closure of 
K in T can be described as L[{ e,, : e, is an idempotent element of T}]; this ring 
consists of all finite linear combinations c,ey, + . . . + c,YeY 0 where ci E L for 
each i. 
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Corollary 5.2. Let be an algebraic closure of 
cardinal, and let T be a product of @ copies of L. 
where La = L for each (Y and IAl = p. Let { Ki}F=, .T 
GF( p), let p be an infinite 
Thus we write T = naEALu, 
be an ascending sequence of 
finite subfields of L such that L = U ,l, K, and let rr be the prime subring of T. 
(1) The integral closure 7~’ of rr in T is UT=, T;, where T, = Kf is the set of 
elements {b,,} in T with b, E K, for each CY. 
(2) For each (Y E A, let FCf be a subfield of L, and let R = n,,tAFU. The integral 
closure of 7~ in R is 
x z 
R n 7~’ = ,y, (R n Ti) = ,y, [,?v,, (4, n K;)l . 
Proof. (1) An element of T, has at most 1 Kil distinct coordinates, and hence is 
integral over 7~ by Proposition 5.1. Conversely, if x = {x,~} E rr’, then x has only 
finitely many distinct coordinates, so some K, contains each xU. Hence x E Ti. 
It is clear that (2) follows from (1). 0 
The next result concerns residue fields of a product of fields, such as the 
products nuEA(FCX n K,) that arise in (2) of Corollary 5.2. 
Theorem 5.3. Let the notation be as follows: 9 = { Ka}atA is a family of fields, 
9* is a family of isomorphism-class representatives of elements of 9, T = 
IX&Ku? and I is the direct sum ideal of T. 
(1) If 9* contains only one element K and if K is finite, then each residue field 
of T is isomorphic to K. 
(2) Each residue field of T is finite if and only if there exists a positive integer N 
such that (KU\ 5 N f or each CY. If this condition is satisfied, then 9* is also a set of 
isomorphism-class representatives of the elements of 9(T). 
(3) Each free maximal ideal of T has infinite residue field if and only if, for each 
positive integer N, the set { c~ E A: ( Kn ( 5 N} is finite. 
Proof. (1) Suppose 1 K\ = m. Since K is imbedded in T, ( TIM\ 2 m for each 
maximal ideal M of T. However, each element of T, and hence of TIM, satisfies 
the polynomial X’” - X so that 1 T/Ml - < m as well. Hence T/M = K L- GF(m), as 
asserted. 
(2) If {l&l) IS b ounded above by the positive integer N, then 9* = { F,}y_, is 
a finite set of finite fields, and 9 can be partitioned into classes 9,) . . . , 9” under 
the equivalence relation of isomorphism, where each element of 9, is isomorphic 
to F,. If A,={~EA:K,ES,} and T,=fl{K,:crEA,}, then T=T,@... 
@ T, and each residue field of T is isomorphic to a residue field of some T,. Part 
(1) shows that, up to isomorphism, F, is the only residue class of T,. Therefore 
each residue field of T is finite and { F,}p=, = 9” is a set of isomorphism-class 
representatives of the elements of S(T). 
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Conversely, suppose that { 1 Ka I} 1s not bounded. If some K,, is infinite, it is 
clear that T has an infinite residue field. If each K, is finite, we can choose a 
sequence { CY~} F=, in A so that 1 K, I> i for each i. Then since n, Ka, is isomorphic 
to a direct summand of T, it suffices to consider the case where A = Z’ and 
lKil > i for each i. In this case we show that each free maximal ideal of T has 
infinite residue field. (This is a special case of (3).) Suppose, to the contrary, that 
there exists a free maximal ideal M of T of finite index, say 1 T/Ml = u. For i 2 u, 
let {a,}~~~ be a subset of K, with u + 1 distinct elements and for 15 j 5 u + 1, 
let h, = C:=, a,e,. For some j # k, h, - h, = c:=,, (a,, - alh)ei E M. Because M is 
free,Mcontainstheelemente,+...+e,,~,ofZ,andhencey=e,+...+e,,~,+ 
(hi - hk) E M. But y is a unit of T, and this is a contradiction. 
(3) A slight modification of the argument given in the preceding paragraph 
shows that if the set {a E A: 1 Km I I N} is finite for each N E Z’, then each free 
maximal ideal of T has infinite residue field. For the converse, suppose that 
U = {(Y E A: lK,ls N} is infinite for some N. If S = fl,,=nK,, then (2) shows 
that each residue field of S is finite. Now S is a direct summand of T, say 
T = SC3 .I, where J = n,tA_u K, If M is a free maximal ideal of S, then A4 + J is 
a free maximal of T of finite index, and this completes the proof. I7 
Theorem 5.4. Let the notation L, { K,}T=, , {Fu}ntA, R and 7~ be as in the 
statement of Corollary 5.2. Let d E L’, let E = GF( p”), and let rr* be the integral 
closure of v in R. Then E E 9(rr*) if and only if f or all sufficiently large i, the set 
Bi = {a E A: F, n K,= E} is nonempty. 
Proof. Suppose first that E is a residue field of 7~*, say E = 7~” IM, where M is 
maximal in n*. For each i E Z’, let R, be the subring n,eA(F, f’ K,) of r*. Since 
(1) R; CR,+, for each i, (2) n* = U rT, R,, and (3) E is finite, there exists n E Z” 
such that E is a residue field of R, for each i 2 n. However, since {I FcY fl K,I: (Y E 
A} is bounded above by IK,I, part (2) of Theorem 5.3 shows that the residue 
fields of Rj are, up to isomorphism, precisely the fields F, fl K, for cy E A. Hence 
E E Bj for each i 2 n. 
Conversely, suppose n E Z’ is such that B, # 0 for each i 2 n. We observe that 
if i 2 k 2 n, then Bi & B,. To see this note that if (Y E Bi, then E = F, n L, > 
FanL,>FanL,,. Moreover, since E E B,, we have E = F,,, n L, for some 
(Y” E A so that E c L,, and E & F, II L,, Consequently, E = F, fl L, and (Y E B,. 
For i Z- n, we let .I, be the ideal of R, consisting of the product of those fields 
F, n K, such that (Y g B,-that is, J, consists of all tuples {b_} E R, = nUEA(Fcr n 
K,) such that bU = 0 for each (YE Bi. Because B, > B,,, for i 2 n, J, Z J,,, for 
i 2 n. Moreover, since B, f 0 for i 2 n, J, is a proper ideal of R, for i 2 n, so 
J = U:=,, .I, is a proper ideal of r*. For i 2 n, R,/J, is a product of copies of E, so 
by part (1) of Theorem 5.3, each residue field of R,IJ, is isomorphic to E. Thus, if 
P is a maximal ideal of n* containing J, then z-” /P = E, so E is a residue field of 
7-r*. q 
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Corollary 5.5. Suppose L is an algebraic closure of GF(p). Let {K,};“=, be an 
ascending sequence offinite subfields of L such that L = U:=, K, (for example, we 
could take K, = GF( p”)), and let { Fn}rrtA be a realizable family of subfields of L. 
If E is a finite subfield of L such that no subfield of E belongs to { Fa}==+, and if 
NEZ+ is such that EC K,, thenforeachi?N,thesetB,={aEA:F,nK,= 
E} is empty. 
Proof. Let S be a zero-dimensional reduced ring such that F(S) = {F,: a E A}, 
and consider S as diagonally imbedded in R = n,,gnF,. The prime subring rr of R 
is isomorphic to GF( p), and since each residue field of S is integral over rr, S is 
integral over 7~. That is, S c 7~‘“, the integral closure of rr in R. If E were a residue 
field of rr’“, a subfield of E would be a residue field of S. Since, by assumption, no 
subfield of E is in { FCI} = S(S), we conclude that E gS(vr*). The proof of 
Theorem 5.4 then shows that B, is empty for each i 2 N. 0 
Corollary 5.6. Let {F,,: (Y E A} be a family of absolutely algebraic fields of 
characteristic p f 0. If { FCY} is realizable and if GF( p) jZ { F,}, then there exists a 
finite set {q, , q2, . , q,} of primes such that each F, contains one of the fields 
GF(p“‘), . . , GF(p”l,). 
Proof. For i E Z+, let K, = GF( p”). Then K, C K,+, for each i and U;“=, K, = L. 
By Corollary 5.5, there exists NE ?J+ such that the set {(Y E A: F, fl L, = 
GF(p)} is empty. Let q,, qr. . . , q, be the prime divisors of N!. Because 
{GF( p”‘), . , GF( p”“)} is th e set of minimal proper extensions of GF( p) in 
GF(p”‘), each FCY contains one of these fields. 0 
6. Uniqueness of realizability of a family of fields 
Example 2.9 shows that there exist nonisomorphic zero-dimensional reduced 
rings R and S such that 9(R) = 9(S). Indeed, the rings R and S of this example 
are such that Spec(R) and Spec(S) are not homeomorphic. In this connection it is 
natural to consider a topological structure on a realizable family in the following 
sense. If 9 = { KCti},,E,j is a realizable family of fields, say B = 9(R), then there is 
an associated bijection KCY+ M, between .% and Spec(R) such that KU F RIM, 
for each (Y. The Zariski topology of Spec(R) induces a topology on 9 via this 
bijection, and when we speak of a topology on 9, we understand a topology 
induced by such a bijection. 
6.1. We remark that in general if 9 = B(R), where R is zero-dimensional, then it 
is well known that Spec(R) (and therefore 9) is Hausdorff, compact, and totally 
disconnected (cf. [l, Exercise 11, p. 441). 
Two questions that arise naturally concerning a realizable family of fields 9 
equipped with a topology via a bijection with Spec(R) are the following: 
Question 6.2. For what realizable families 9of fields is the topology defined on 9 
by means of a realization 9 = 9(R) independent of R? 
Question 6.3. If R and S are zero-dimensional reduced rings such that S(R) = 
9 = .9(S) by means of an identification that defines the same topology on 9, 
under what conditions does it follow that R and S are isomorphic as rings? 
Concerning Question 6.2, if the family 9 is finite, then 9 necessarily has the 
discrete topology. If 9 is an infinite realizable family of fields with only one 
element of characteristic zero and only finitely many of characteristic p for each 
prime p, then there exists a unique topology for 9 so that 9 2 Spec(R), where R 
is zero-dimensional and reduced. To see this assertion, we observe that it follows 
from 4.5 that every prime ideal of R for which the residue field is of characteristic 
p > 0 is finitely generated. Since Spec(R) is infinite, there must exist at least one 
prime of R that is not finitely generated, so we conclude that the unique prime 
ideal Q of R such that R/Q is of characteristic zero is not finitely generated. By 
Proposition 4.6, the open subsets of Spec(R) containing Q are the cofinite subsets 
of Spec(R) containing Q. Thus Spec(R) as a topological space is the one-point 
compactification of the infinite discrete space Spec( R) - { Q } 
There are other infinite realizable families of fields 9 for which the topology 
defined on 9 by means of a realization 9 = 9(R) is independent of R. For 
example, it can be shown that if {p,} is an infinite set of distinct prime integers 
and 9 consists of one copy of the Galois field with 2 elements and one copy of the 
field with 2”’ elements for each i, then 9 is realizable with a unique topology. 
Another family with a unique topology is 9 = { K,}y=,,, where K,, = Q and where 
the K,, i > 0, are distinct quadratic extensions of (LID. Thus if { p,} is an infinite set 
of prime integers, then the family 9 = {&I(fl)}y=, U {Q} has a unique topol- 
ogy. Our method for proving these assertions is to first observe that for these 
families 9, if 9 = 9(R), then R is an integral extension of a subfield. Therefore R 
can be expressed as a directed union of Artinian subrings. The hypothesis on 9 
then implies that there is a unique prime ideal of R that is not finitely generated, 
this being the prime of R having the unique minimal clement of 9 as its residue 
field. 
Question 6.3 is considered by Popescu and Vraciu in [12]. Example 5.3 of [12] 
asserts the existence of nonisomorphic zero-dimensional reduced rings R and S 
such that 9(R) = 9 = 9(S) by means of an identification that defines the same 
topology on 9, but this assertion with regard to Example 5.3 of [12] seems to us 
to be incorrect. The example may be described as follows: let N = (0, 1,2, .} 
denote the set of nonnegative integers topologized so that each positive integer is 
open in N and such that the open sets about 0 are the complements in N of finite 
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sets of positive integers. Consider the family of fields 9 = {k,,: II E N}, where 
k,, = Q(i) = 0$X1/(X’ + l), and where k,,, n > 0, is described as follows: let 
{ F,,}r=, be an enumeration of the finite prime fields. If the polynomial X’ + 1 is 
irreducible in F,,[X], let k,, = F,,[X] /(X2 + 1); otherwise let k,, = F,, . Let a, ,b, 
denote the roots of X’ + 1 in k,,. Let A be a zero-dimensional reduced ring such 
that .9(A) = { F,z: n E N}, where F,, = 0~. Regard A as a subring of nr=,, F,, C 
nr=,, k,, = T, and take a = (a,,) and b = (b,,) in T. The assertion in [12] is that the 
rings A[a] and A[b] are not isomorphic. But in fact, as subrings of T, b = -a and 
A[a] = A[b]. 
Roger Wiegand has obtained an example that does show the existence of two 
nonisomorphic zero-dimensional reduced rings R and S such that 9(R) = 9 = 
B(S) by means of an identification that defines the same topology on 9. 
Therefore the conclusion drawn in [12] on the basis of Example 5.3 of [12] is 
correct. We are grateful to Roger for allowing us to include his example below, 
and for other helpful comments in regard to this paper. 
Example 6.4 (Roger Wiegand). Let K = tIQ(fi) and let L be an extension field 
of K having the property that any automorphism of L restricts to the identity map 
on K. For example, one choice of L is the field [w of real numbers. For each 
positive integer n, define a,, : K+ L to be the Q-homomorphism such that 
a,,(a) = (- l)“fi. Let T = ny=, (L,), where L, 2 L for each i. Let 
R = {(a,, u,, . .) E T: there exists 6 E K with u,, = b for n 9 0} : 
and let 
S={(a,,a,,. .) E T: there exists b E K with a,, = u,,,(b) for II @ 0} . 
Then both Spec(R) and Spec(S) are homeomorphic to the one-point compactifi- 
cation of N = { 1,2, . . ,} with the discrete topology, and both have residue fields 
L,L,...,K. 
Suppose f : R-+ S is an isomorphism. Then f takes each maximal ideal of R 
with residue field L to such a maximal ideal of S. Let P,, P,, . . . and Q,, Q2, . . 
be these maximal ideals of R and S, respectively. (Thus P,, = {(a,, a2, . . .) E 
R: a,, = O> .) Suppose f(f’,,) = Q,,,,,. where rr is a permutation of N = { 1,2, . .}. 
There is an induced automorphism f,, : R/P,,+ S/Q,,,,,. Let t = (fi, fi, . .) be 
the constant sequence fi in R, and let f(t) = (a,, a?, . . .) in S. Sincef(t)’ = 2, we 
know that a, = ?fi. Furthermore, for n 9 0 we have u,~+, = -a,,. Choose n % 0 
such that u,, = -a, and say n = r(m). Then f,,, : RIP,,,-+ S/Q, takes fi to 
--\/2. This contradicts the fact that any automorphism of L restricts to the 
identity map on K. We conclude that R and S are not isomorphic. 
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Note added in proof 
In conversations with Roger Wiegand we have discovered that the proof given 
for Theorem 4.11 is incomplete. The status of Theorem 4.11 is open, and hence 
the assertions in Corollary 4.12 and Theorem 4.14 about realizability involving a 
pure transcendental extension of the field of rational numbers are also open. 
Roger and Sylvia Wiegand have indicated in conversation that these results 
appear to be correct, but the proof of Theorem 4.11 needs to be modified. 
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